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Introduction

A SPACECRAFT is made up of a primary structure, to which
are attached appendages such as gravity-gradientbooms, an-

tennae, solar arrays, radiators, scienti� c instruments,and other pay-
loads. It is necessaryto design lighterspace structuresto save launch
costs. This kind of design strategy results in space structures being
� exible with very low-frequencyfundamentalvibrationmodes. For
many years, spacecraft appendages exposed to solar radiation have
shown thermally induced structural deformations.1 The deforma-
tions can be transferred into structural vibrations or steady-state
bending,or both. These structuraldisturbanceshave resulted in atti-
tude disturbancesof spacecraft that can be larger than required atti-
tude pointingaccuracy.Hence, sometimesactivecontrolsof attitude
disturbances should be performed to maintain a pointing accuracy
of spacecraft attitude.

Previous research on these kind of thermal effects has focused
on structural response based on temperature differences.1 Recently,
attitudedynamics have been included for a spacecraft incorporating
the effectsof a � exibleboom undergoingthermal loading.2 For slew
maneuvers or vibration control of spacecraft, many authors have
already solved hub–appendage problems to study the coupled dy-
namicsof � exiblespacecraft.3;4 Combing a coupledhub–appendage
system with thermally induced attitude model can yield a sophis-
ticated model to solve the attitude dynamics of spacecraft with a
boom suffering from thermal effects. One goal of this Note is to
re� ne the model of the attitude dynamics � rst studied in Ref. 2 by
using the � nite element method (FEM). This re� ned model also
includes a rotatory inertia of tip-mass, models of a sensor and an
actuatorattachedthe � exibleboom, and the moment appliedby con-
trol torques, as well as the moment produced by thermal loading.
The main objective of this study is to develop a new control algo-
rithm for suppression of the attitude disturbances due to thermal
effects on a � exible spacecraft appendage by using piezoceramic
materials. The new control algorithmmust be incorporatedwith the
attitude dynamics and should handle both the steady-state errors
and vibrationsbecause the attitude disturbanceshave both of them.
Numerical studies are performed to analyze the characteristics of
the new control method for a spacecraft with a realistic boom.
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Spacecraft Modeling
Equations of Motion

An accurate model of a spacecraft system should be developed
to analyze the dynamic response of the system and the effect of
an applied control law. After achieving the mathematicalmodeling,
we can developa control law based on the desired control objective.
This Note considers a spacecraft that consists of a rigid hub and a
cantilevered� exible boom, with a tip mass as shown in Fig. 1. The
coupled dynamics of rigid hub and � exible boom are performed
to consider interactions between the rigid-body motions µ of the
spacecraft and the dynamic motions y of the boom. The governing
equations of motion and boundary conditions for the system can
be derived from a generalized form of Lagrange’s equation.3;4 To
include the thermal torque MT and control moment MP in the gov-
erningequations,we can use Eq. (1), which describesthe work done
by external torques and controls:
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where x is auxiliary variable measured from the outer radius of the
hub along the undeformed boom axis; y is displacement from x
axis; l is length of boom, 7.5 m; and l0 is radius of hub, 1.0 m. The
equationof rotationmotion for rigid hub and the governingequation
of the boom deformation in the body-�xed reference coordinate are
obtained as, respectively,
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where Ihub is moment of inertia of hub, 1250 kg ¢ m2; µ is atti-
tude rotation angle of hub (spacecraft); ½ is mass density of boom,
8026 kg/m3; A is cross section area of boom, 1.08 £ 10¡5 m2; m tip is
tip mass, 1.5 kg; Itip is rotatory inertia of the tip mass, 0.001 kg ¢ m2;
I is moment of inertia of the boom, 4.3523£ 10¡10 kg ¢ m2; E is
Young’s modulus of the boom, 1.93 £ 1011 N/m2; and the umlauts

Fig. 1 Spacecraft model with a � exible boom.
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signify differentiation with respect to time. At x D l0 , the boom is
cantileveredso that the essential boundary conditions are, at x D l0,

y D 0;
@y

@x
D 0 (4)

At x D l, because the boom supports the tip mass, the natural
boundary conditions of are given by, at x D l,
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Equation(5a) shows the shearforceon the tip mass,whereasEq. (5b)
explains the moment at the tip mass. The rotatory inertia Itip of the
tip mass is not neglected, such that the right-hand side of Eq. (5b)
is not zero.

Finite Element Application
We know that, in the most common circumstances,con� guration

admissible functions in the assumed modes method satisfy only the
essential boundary, but do not satisfy the natural boundary condi-
tions. The FEM usually gives a fast convergence to the true model
with fewer degrees of freedom than the assumed modes method.3

Thus, we prefer to use a � nite element model rather than use a
model of assumed modes method used in Ref. 2. The FEM trans-
forms the partial differential equations of motion [Eqs. (2–5b)] into
� nite dimensional differential equations in terms of displacements,
velocities, and accelerations in the FEM coordinates.3;4 The dis-
placement over a � nite element can be discretized using a � nite
element expansion that consists of the transverse de� ection and ro-
tation of the element and Hermite polynomials chosen to satisfy the
boundaryconditionsat both ends of the element. The work done by
an applied moment from thermal deformation or an actuator is as-
sumed to be a constantover one element. In this Note, piezoceramic
materials are used as an actuator and a sensor that are attached to
the � exibleboom. The piezoceramicelements used should be incor-
porated into the � nite element. By the use of the electromechanical
coupling effect of piezoceramic materials, the potential energy of
the piezoceramicelement can be obtained.5 Combining the equation
of potential energy with a � nite element expansion and integration
by parts yield the stiffness matrix of piezoceramic element.5 The
piezoceramic elemental mass matrix can be obtained in the same
fashion as an ordinary structuralelement. Some structural elements
of the boom have piezoceramic material bonded to them. The re-
spective stiffness matrix and mass matrix of the structural elements
and attached piezoceramic elements are given by the simple addi-
tion of the boom element matrices and the piezoceramic elemental
matrices. After we derive the equations for every � nite element, we
can combine all equations for each element into global governing
equations. The equations can be written in matrix form as

[M]f RQg C [K ]fQg D FP MP C FT MT (6)

where Q is generalized coordinates for the system, [M] is global
mass matrix, [K ] is global stiffnessmatrix, FP is input in� uencema-
trix for control, and FT is input in� uence matrix for thermal effects.
Fp is dependent on the numbers of actuators and sensors and their
locations. Q consists of µ and collections of qi at each node. The
odd number of q , that is, q1 , q3, q5; : : : ; is the vertical displacement
at each node, and the even number of q, that is, q2 , q4 , q6; : : : ; is the
rotationat each node.The equationsof motion can be decoupledand
more easily analyzed by the use of modal coordinates.6 The trans-
formationof the generalizedcoordinatesinto modal coordinatescan
be performedby using Q D 8» . 8 is the weightedmodal matrix and
is obtained by solving the eigenvalue problem associated with the
[M ] and [K ] matrices. Applying the modal coordinate to Eq. (6)
and premultiplyingby 8T gives the following uncoupledequation:

fR» g C [2³!]fP» g C [!2]f» g D 8T Fp MP C 8T FT MT (7)

Fig. 2 Tip-mass displacements due to thermal loading and the modi-
� ed PPF control.

Fig. 3 Attitude angles due to thermal loading and the modi� ed PPF
control.

where » is the modal coordinate,³ is the viscous damping constant
of the boom, and ! is modal frequency. In Eq. (7), we introduce
the damping matrix [2³!] because the system is considered to have
viscous damping.

Thermally Induced Attitude Dynamics
Temperaturedifferencesof spacecraftboomgive differentialther-

mal expansion through the boom. When temperature differences
change rapidly, the spacecraft may experience dynamic structural
motion and vibration.These deformationsand vibrationsof the � ex-
ible boom lead to rigid-body rotation of the spacecraft due to the
conservationof the total angular momentum of the spacecraft.2 The
spacecraft chosen for this study has the physical model and � exi-
ble boom (a uniform stainless steel) properties described in Ref. 2.
Additionally, we include the rotatory inertia of the tip mass in this
study because it contributes to the stability of control. The ther-
mal moment of the boom for the thermal-structuralresponse is that
used in the description in Ref. 2. With this thermal moment, the
spacecraft modeled in the preceding section is numerically simu-
lated. This numerical analysis does not include the formulations of
sensor, actuator, and control moments. The boom deformations are
subjected to a rapid change in thermal loading and are dominated
by only the � rst structural mode. These numerical results are the
same as those in Ref. 2. The dynamic response of the boom, that is,
tip mass, consists of a quasi-static displacement and superimposed
vibrations,as shown in Fig. 2 for an uncontrolledcase. The attitude
angle response (see an uncontrolled case in Fig. 3) also consists
of a pointing error (steady-stateerror) and superimposedvibrations
in the direction opposite to the boom dynamics. As mentioned in
Ref. 2, as the mass of hub becomes small, that is, small spacecraft,
the torque resultingfromdeformationsof the boomhas a great in� u-
ence.This in� uence makes the pointingerror and jitter dramatically
increase. Thus, for small spacecraft, it is necessary to implement
control techniques for suppression of these attitude disturbances.

Development of a New Control Technique
As one of smart structures, piezoeceramic materials generate an

electric charge in response to a mechanical deformation, and they
also yield mechanical deformation when subjected to an electric
voltage. These smart materials are used as either actuators or sen-
sors for a wide variety of applications,such as acoustic attenuation,
vibration suppression, and shape control. In this Note, we want to
control the structural vibrations and deformations of the � exible
boom by providing the voltage developed from the piezoceramic
actuators through compensators.The sensors and actuators are col-
located at appropriate � nite elements of the boom represented in
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the preceding section. The properties of the piezoceramic used are
length of 0.15 m, thickness of 0.0019 m, width of 0.019 m, density
of 7700 kg/m3, Young’s modulus of 6.3 £ 1010 N/m3 , and lateral
charge coef� cient of 1.8£ 10¡10 m. The voltage produced by the
piezoceramic sensors and the moment generated by the piezoce-
ramic actuators can be calculated from the equations in Ref. 5.

A new controlalgorithm,calledpositiveposition feedback(PPF),
has been developed for vibration control.7 PPF means positively
feedinga structure coordinateback to a compensator and positively
feeding back the compensator coordinate to the structure. PPF has
beenused as a vibrationsuppressioncontrolstrategybecauseit is not
sensitive to spillover and is not destabilizedby actuator dynamics.7

By the use of the PPF control algorithm with piezoceramic sensors
and actuators,previous studies have shown a great degree of control
whencompensatorswerepreciselytunedto themodal frequenciesof
the structure.5¡7 As mentionedin theprecedingsection,only the � rst
mode of structuraldeformationis dominantlyexitedwhen the boom
is heated. Thus, � rst, we focus on controlling only the � rst mode
with a collocated piezoceramic actuator/sensor pair. The original
PPF enables the piezoceramic actuator to remove only vibrations
due to thermal effects on the boom. The steady-state error caused
by the bending of the boom cannot be reduced by only the original
PPF. Increasing the PPF gain has limits because of saturation and
noise effects, although it can eliminate the disturbances.The effects
of steady-state disturbances can be reduced by an integral control.
Thus, a modi� ed PPF compensatordesign in this Note adds integral
control to the original PPF for both vibration and bending control
of � exible space structures. The new method provides extended
capabilityof controllingstructuralnaturalfrequenciesanddamping.
The modi� ed PPF of the scalar case is obtained as
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where g is the feedback gain of PPF, gq is a new positive de� nite
feedback gain, ´ is the compensator state, ³c is modal damping
of the compensator, and !c is the compensator modal frequency.
Equation (8a) describes the structure, that is, spacecraft, whereas
Eq. (8b) describes the compensator. The response, including vi-
brations and deformations of the boom, is indicated by the modal
coordinate » . This responseproducesa voltageon the piezoceramic
sensor,which is input to thecompensator.The compensator,consist-
ing of a PPF � lter, calculates the control voltage. Then, the control
voltage is applied to the piezoceramic actuator that produces the
control moment Mp . From Eqs. (8a) and (8b), we can understand
that the modi� ed PPF is introducedto make use of the integrationof
output from the position sensor. For a multimode case of the mod-
i� ed PPF with more than one mode and a compensator with more
than one � lter, the system can be easily extended as

R» C D P» C Ä» D CT G´ ¡ CT GqC

Z
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Ŕ C Dc Ṕ C Äc´ D ÄcC» (9b)

where » is a modal state vector of N1 dimension, ´ is the � lter state
vector of N2 dimension, D is the modal damping diagonal matrix
of N1 , Dc is the � lter damping diagonal matrix of N2 , Ä is the
modal frequency diagonal matrix of N1, Äc is the � lter frequency
diagonal matrix of N2, G is the diagonal matrix for PPF gains of
N2 , G p is the diagonal matrix for integral gains of N2, and C is
the full participationmatrix of N2 £ N1. CT is de� ned as the 8T FP

matrix that is dependenton the number of actuators and sensors and
number of modes to control. The addition of integral control while
removing steady-stateerror may lead to an unstable control system.
The integral control adds extra complexity to this system so that a
stability condition can hardly be derived by an analytical method.

Numerical Applications and Results
To suppress the attitude disturbancesdue to thermal effects, con-

trol moments can be applied from piezoceramicactuators using the
control law of the modi� ed PPF. The state equations of the sys-
tem are written in vector matrix form directly from Eqs. (9a) and
(9b), and the overall system can be easily solved by a numerical
tool. The behaviorof this system is dependenton the characteristics
of the � exible boom and the spacecraft. Like the original PPF, the
modi� ed PPF control system provides the effective control when
the compensator is tuned to the modal frequency. Because of the
strong coupling effects caused by integral control, the multimode
system cannot be approximatedby the N1 decoupledmodal subsys-
tem. To � rst-order accuracy, the dynamics of a bundled subsystem,
consistingof only the modes to be controlled,can be approximately
considered as the dynamics of the whole system. The � rst modal
frequency dominantly contributes to boom deformations, the sec-
ond mode has a little contribution, and the rest of modes have a
negligible contribution. When attitude disturbance µ due to each
mode is checked, attitude disturbance due to the second mode is
about a thousand times less than the disturbance due to the � rst
mode. Thus, it is a good idea that only one actuator with one com-
pensator is used to suppress attitude disturbances caused by the
� rst mode excitations.When only the � rst mode is used to build an
approximatedwhole system, the characteristicequation of the aug-
mented closed-loop system can be obtained by using the modi� ed
PPF as
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where s is complex variable in the complex s plane and c11 is a
participation value for the � rst mode and one actuator/sensor pair.
Because the feedback system now has an additional integrator, the
augmented system is of � fth order. Equation (10) can be also gen-
eralized for the scalar system of any individual mode. The piezo-
ceramic actuator is located at the � rst FEM element to maximize
the control moment. If we chose appropriate g and gq to make this
system stable, then the steady-statedisturbanceas well as the vibra-
tions would be signi� cantly attenuated.The behaviorof this system
can be obtained from a root contour that traces the movement of
the closed-loop poles as a function of g and gq in Eq. (10). For the
control of the approximatedsystem, Fig. 4 shows the root contours
of gq , whereas g remains three � xed values. The circles show the
root loci of the � rst mode for g D 3000 and 0 · gq c11 · 50, with
an interval of 5, whereas squares and triangles are for g D 20,000
and 50,000, respectively. The participation value c11 is 0.0024 for

Fig. 4 Rootcontours of the boomsystem for the � rst modecontrol with
the modi� ed PPF: g = 3000 (±), g = 20,000 (¤), g = 50,000 (M), gqc11 =
0–50 with interval of � ve.
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the scalar system. From Fig. 4, it is indicated in certain regions
that a larger g value yields a more stable system, and larger gq

forces the system to be less stable. Large values of the g coef� -
cient of compensator increase the region of active PPF damping.
The optimal damping coef� cient of the compensator is dependent
on how accurate the modes are known and how much they would
be expected to change. The robustness of the system is also de-
pendent on a compensator damping ratio. A damping coef� cient
of the compensator of about 0.5 leads to good damping and ro-
bustness. The compensator frequency is set at (or near) the � rst
natural frequency of the boom, where it would give maximum ef-
� ciency. Good performance can be achieved by using the modi� ed
PPF, which yields a great suppression of the dominated structural
disturbances, as shown in Figs. 2 and 3 for controlled cases with
g D 8000 and gq D 843. Figures 2 and 3 demonstrate that the at-
titude disturbances can be removed by the control moment from
the smart structure using the modi� ed PPF. We can also see that
a single actuator at the base provides a suf� cient degree of con-
trol when we use the modi� ed PPF strategy. The unstable spillover
effects on the uncontrolled second mode are shown. However, the
excitation due to the unstable spillover effects is not signi� cant
because the excitation develops only unnoticeable attitude distur-
bances in the second mode, less than 0.01 deg for this special
case. Different properties of the spacecraft and boom will yield
different � rst mode frequencies. A decrease in the frequency of the
� rst mode would reduce the control performance. The pole posi-
tions are very sensitive to control gain values. An increased robust-
ness requires larger PPF control gains g and less integral control
gains gq . The same strategy of scalar control can be applied for
other modes to suppress the vibration and magnitude of a chosen
mode. The integral control of the n mode yields unstable spillover
effects on the neighborhood modes, namely, the n ¡ 1 and n C 1
modes.

Multimodes can be controlled simultaneously using the same
number of compensators, one tuned to each mode. A root-contour
techniqueprovides a means of analyzing a bundled system contain-
ing only target modes, by varying one gain while the other remain
� xed. For instance, the performance would have a better control
system if the second mode as well as the � rst mode could be suc-
cessfullycontrolledtogether.To controlthe � rst two modes with two
compensators, one or two collocated actuator/sensor pair(s) can be
used. For the system, the results using one actuator with two com-
pensators are very similar to the results from two actuators with
two compensators. In the two-modes control case, there are four in-
dependent gains that should be selected in the design process. The
analysesof the multimodescharacteristicequationshow that the ze-
ros are canceled with some poles because multimodes are included
in the system, and the rest of poles are very close to the imaginary
axis of the s plane. The integral control strengthens the pole-zero
cancellations and induces instability in the system. Thus, we can
expect the multimodes control system could be easily unstable, and
its performance would not be good. Numerical simulations prove
these anticipationsfrom the rootcontoursof the multimodessystem.
Thereare no improvementsin performances,althougha multimodes
control skill is used to suppress the � rst and second modes simul-

taneously. This phenomenon implies that the good control regions
are strictly limited, so that it provides suf� cient performancein only
the � rst mode control but not in multimodes. Fortunately, because
most spacecrafthave only a dominant � rst mode deformationdue to
thermal effects, the modi� ed PPF of the scalar system can be a prac-
tical strategy to eliminate attitude disturbances caused by thermal
loading.

Conclusions
A spacecraft with a � exible appendage is analyzed by a coupled

system composed of a � exible boom and a rigid main body, which
is described by the FEM. The thermally induced dynamic response
of the boom shows a quasi-static displacement and superimposed
vibrations,and, consequently,the attitude angle disturbanceshave a
pointingerror (steady-stateerror) as well as vibrations.To attenuate
both the vibrationsand constantattitudedisturbances,an activecon-
trol system combines the integral control with the original PPF, by
using an embedded piezoceramic device as actuators and sensors.
This modi� ed PPF technique achieves great control performance
when the compensator is tuned to the modal frequency of the sys-
tem, although the implemented integral control makes the system
complicated and enforces unstable spillover effects. The dynamics
of a bundled subsystem, consisting of only the � rst mode, can well
approximate the dynamics of the whole spacecraft system because
the thermal loading excites mainly the � rst mode of the system.
Thus, by using only a scalar control strategy, the modi� ed PPF tech-
nique can provide good capability of controlling the main attitude
disturbances from thermally induced structural deformations.
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